Elastic electromagnetic form factors of nucleons are investigated both for the time-like and the space-like momentums by using the unsubtracted dispersion relation with QCD constraints. It is shown that the calculated form factors reproduce the experimental data reasonably well; they agree with recent experimental data for the neutron magnetic form factors for the space-like data obtained by the CLAS collaboration and are compatible with the ratio of the electric and magnetic form factors for the time-like momentum obtained by the BABAR collaboration.x
3) For the time-like momentum the ratio |G p E /G p M | was obtained [8] , [9] (BABAR collaboration), while previously the data of form factors had been analyzed under the assumption
Asymptotically, the experimental data of nucleon magnetic factors decrease more rapidly than the dipole formula for large Q 2 and the decrease has been understood as a realization of perturbative QCD [10] , the behavior of which can be formulated in terms of the dispersion theory with appropriate conditions on the absorptive parts; we assumed unsbtracted dispersion relations for the charge and magnetic moment form factors. To realize the asymptotic form of QCD we imposed the superconvergence conditions.
As the data for the time-like momentum have become accurate, it is necessary to investigate the form factors for the space-like and time-like momentums systematically. For this purpose the dispersion theory is effective.
The dispersion theoretical calculations performed so far, the value of G n M turned out to be larger than the above mentioned new experimental data for Q 2 = 1.4 − 4.8 (GeV/c) 2 (see Ref. [7] ). It is of vital importance to investigate if it is possible to realize the experimental data simply by the adjustment of parameters or by the refinement of absorptive parts in the dispersion relation.
It is the purpose of this paper to analyze experimental data of nucleon form factors by the dispersion theory, with the QCD constraints imposed, taking account of the above mentioned new experimental results.
Organization of the paper is given as follows: In Sec. 2 we explain the superconvergent dispersion relation and give conditions which are used in this paper. We summarize the absorptive parts, which are broken up into three parts: Low, intermediate and asymptotic momentum regions. For each momentum region the imaginary parts are given. The asymptotic part is expressed as an expansion in terms of the analytically regularized running coupling constant in the renormalization group for QCD. In Sec. 3 we remark on the numerical analysis. In Sec. 4 numerical results are summarized. The final section is devoted to general discussions.
Dispersion Relation for the Electromagnetic Form Factors
We assume the unsubtracted dispersion relations for the charge and magnetic moment form factors, F I 1 and F I 2 , respectively, with I denoting the isospin state I = 0, 1. That is,
where the threshold is t 0 = 4µ 2 . Here µ is the pion mass being taken as the average of the neutral and charged pion masses. We impose conditions on Im F I i to realize the QCD conditions.
Superconvergence Condition and QCD
Experimental data imply that the magnetic form factors of nucleon decrease more rapidly than the dipole formula for large squared momentum transfer. The decrease agrees with the prediction of perturbative QCD, where magnetic form factors of nucleon decrease for Q 2 → ∞ as
where α S is the running coupling constant of QCD and β 0 = 11 − 2n f /3 with n f being the number of flavor. Λ is the QCD scale parameter having the dimension of momentum.
To realize the QCD predictions we impose the following conditions on the charge and magnetic moment form factors:
for Q 2 → ∞ with γ ≥ 2. We briefly summarize the asymptotic theorems which are used to incorporate the constraints of QCD [10] , where the proof is given in Ref. [18] . Let F (t) satisfy the dispersion relation (1), and ImF is given as
for t → ∞ with γ > 1. Then F (t) becomes
for t ′ → ∞ and the superconvergence conditions
F (t) given by (1) approaches for t → ±∞ to the following formula:
which can be proved by using (6) and (7) together with the identity
Indeed, by using (7) we have
which leads to (8) as t ′ n+1 ImF (t ′ ) satisfies (6) . To obtain the asymptotic formulas (3), therefore, we impose the superconvergence conditions on the imaginary part of form factors, ImF I i (t) (i = 1, 2; I denotes isospin) in the unsubtracted dispersion relation (1):
where ImF
In addition to the conditions (10) and (11) we impose the normalization conditions at t = 0:
where g I is the anomalous magnetic moments of nucleons with the isospin I.
Imaginary part of the form factors
Let us discuss the imaginary parts of nucleon form factors, which are broken up into three parts:
The low momentum, the intermediate, and the asymptotic regions.
Low momentum region
The imaginary parts of the charge and magnetic moment form factors, ImF V i , are given in terms of two pion contribution as follows:
where f (−)1 ± (t) are helicty amplitudes for ππ ↔ NN , M (t) is the pion form factor and µ is the pion mass. The superscript V denotes the iso-vector part. For the helicity amplitudes we use the numerical values given by Höhler and Schopper [16] and parameterize M (t) according to them.
where m ρ and Γ ρ are the ρ meson mass and width respectively and
The imaginary parts thus obtained are denoted as ImF H i (i = 1, 2) hereafter. It must be remarked that the ρ meson contribution is included in the helicity amplitudes of Ref. [16] . The uncorrelated kaon pair is neglected here as the effect was estimated to be small [17] .
Intermediate region
The intermediate states 4µ
are approximated by the addition of the Breit-Wigner terms, with the imaginary part parameterized as follow:
where
Here M R and Γ are the mass and width of resonance, respectively, the threshold t 0 is t 0 = 4µ 2 and t res is treated as an adjustable parameter. g is introduced to cut-off the Breit-Wigner formula.
We write the intermediate part as the summation of resonances
where I is the isospin and n is the labeling of resonances (see Table I ). Here the suffix i denotes i = 1, 2, corresponding to the charge and magnetic moment form factors F 
Asymptotic region
We express the form factors as power series in the running coupling constant of QCD, α S . To calculate the absorptive part, it is necessary to perform analytic continuation to the time-like momentum. Here we give only the necessary procedure for the analytic continuation of the running coupling constant to the time-like momentum by using the analytic regularization [12] [13] , as the formulation is given in Ref. [18] .
Let α S (Q 2 ) be the running coupling constant in the renormalization group calculated by the perturbative QCD as the function of the squared momentum Q 2 for the space-like momentum. We use the three loop approximation for α S (Q 2 ), which is expressed in the Padé form.
Λ is the QCD scale parameter, and a i are expressed in terms of the β function of QCD,
with n f being the number of flavor. We perform the analytic continuation of the squared momentum to the time-like region, s, by the replacement in (21)
Then α S (e −iπ s) becomes complex and is expressed as follows:
where u and v are given as
with
The running coupling constant is given by the dispersion integral both for the space-like and the time-like momentum
α R (t) represented by (30) is called analytically regularized running coupling constant as it has no singular point for t = −Q 2 < 0. The regularization eliminates the ghost pole of α S (Q 2 ), given by (21), appearing at
where u * = 0.7659596 · · · for the number of flavor n f = 3. Calculating (30), we find that α R (t) is approximately given by the simple formula with the ghost pole subtracted
where the residue A * is
We use (33) as the regularized coupling constant; for the time-like momentum we replace Q 2 → e −iπ s in (33) as was mentioned before. The QCD parts, F
QCD, I i
(i = 1, 2; I = 0,1) for the squared time-like momentum, are written as follows: 
for the time-like squared momentum s. We multiply by the function h(s) in (35) to assure the convergence of the superconvergence conditions (10) and (11) . The following formula is assumed for h i (s):
which may be interpreted as the form factor for γ →with t Q being the threshold of the quark antiquark pair. The parameters t Q , t 1 and t 2 are taken as adjustable parameters and will be determined by the analysis of experimental data. For the time-like momentum, we perform the analytic continuation of the regularized effective coupling constant α R (Q 2 ) to α R (s) through the equation
We express the QCD part as the power series expansion in α R (s)
The summation in (39) begins in the second order in the effective coupling constant so as to realize the logarithmic decrease of the nucleon form factors. Imaginary part of (39) is obtained to be
and ImF
(s) = ImF
We write the low energy part, intermediate resonance part and asymptotic QCD parts of form factors as F , respectively, which are given by the dispersion integral with the imaginary parts (14) , (20) and (41) . The form factors F I i are defined by adding them up. We impose the conditions (10) and (11) on ImF I i so that the QCD conditions are satisfied.
Numerical Analysis
We analyzed the experimental data of nucleon electromagnetic form factors In order to see how the situation changes by taking account of these new experiments in addition to the other data, we perform analysis for the following two cases in the χ Let us remark on the experiments for the time-like momentum [8] , [32] , [33] , where the form factors |G p | and |G n | are determined by using the formula for the cross section σ 0 for the processes e +ē → N +N or N +N → e +ē, which is given as
Here α is the fine structure constant and ν is the nucleon velocity. |G 
Equating (42) and (43), we have
Substituting our calculated result of form factors to the right hand side of (44), we obtain the theoretical value for |G|, which is compared with the experimental data for the magnetic form factor obtained under the assumption
The parameters appearing in our analysis are the following: Residues at resonances, coefficients appearing in the expansion by the QCD effective coupling constants, cut-offs for the intermediate region Λ 1 . In addition to them we have parameters in the Breit-Wigner formula and the convergence factor h of QCD contribution, t Q , t res , t 1 , t 2 , t 3 .
We have taken the masses and the widths of resonances as adjustable parameters. As the superconvergence constraints impose very stringent conditions on the form factors, it was necessary to take the masses and widths as parameters.
Numerical Results
We give in Tables 1, 2 and 3 the results for the parameters for the cases I and II obtained by the χ 2 analysis; in Table 1 the masses and widths of resonances and in Table 2 residues at resonance poles and in Table 3 
2 GeV 2 . Case II: The same as in the case I except for t res = 0.2253×10 3 GeV 2 . The value of χ 2 is obtained to be χ 2 tot = 393.4 for the case I and χ 2 tot = 308.7 for the case II, which includes both the data of space-like and time-like regions. The total number of data is 245 for the Case I and 236 for the Case II. Number of parameters is 36 so that DOF/χ min = 1.88 for the Case I and 1.54 for the Case II. Table 2 : The coefficients a I,n i , residues at the resonance poles, determined by the χ 2 analysis for the cases I and II.
case I case II isospin n a 2 for the case II. The form factor for the time-like momentum |G| is given in Fig. 6 for the proton and in Fig. 7 for the neutron. The result for the proton form factor agrees with the experimental data, but for the neutron the calculated one becomes larger than the experiments for large Q 2 . In Fig. 8 we compare the calculated result for the neutron magnetic form factor G n M /µ n G D with the recent experiments. The solid curve agrees with the experimental data very well. The dashed one becomes a little larger than the result obtained by the CLAS collaboration. However, the deviation is not very large. In Fig. 9 we illustrate the result for |G p E /µ p G p M | for the timelike momentum. There seems to be some discrepancy between the experimental data: The ratio obtained by Bardin el al. [8] is smaller than that of Aubert et al. [9] . Our result coincides with the result of Bardin et al. for small Q 2 and that of Aubert el al. for large Q 2 .
Concluding Remarks
The experimental data for the neutron magnetic form factor for the space-like momentum with Q 2 = 1.4 − 4.8 (GeV/c) 2 [7] , mentioned in Sec. 1, are reproduced very well by our calculation. The absorptive parts of the form factors for the asymptotic region are approximated by the power series in the effective coupling constant of QCD, which begins O(α 2 R ) as is given in (36) . We have taken three terms in the expansions; the terms of order up to O(α It is remarked here that the electromagnetic form factor of bosons, both for the space-like and time-like momentums, can be explained with recourse to the superconvergent dispersion relation with the QCD constraints [18] .
For the electric form factor of proton there are deviation of the dispersion theoretical calculation from the experimental data for large Q 2 , where the data were obtained by using the Rosenbluth formula. The discrepancy may imply the necessity of correction of two photon processes to the experimental data [41] [42] .
We used the experimental data for the helicity amplitudes obtained by Höher and Schopper in which the contribution from the ρ meson is included. As their data are limited to low t (≤ 0.779 (GeV/c)
2 ), we do not have sufficient data for the region s ≤ 4m 
